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STABLE FINITE ELEMENT PAIR FOR STOKES PROBLEM AND
DISCRETE STOKES COMPLEX ON QUADRILATERAL GRIDS
SHUO ZHANG
Abstract. In this paper, we first construct a nonconforming finite element pair for in-
compressible Stokes problem on quadrilateral grids, and then construct a discrete Stokes
complex associated with that finite element pair. The finite element spaces involved con-
sist of piecewise polynomials only, and the divergence-free condition is imposed in a
primal formulation. Combined with some existing results, these constructions can be
generated onto grids that consist of both triangular and quadrilateral cells.
1. Introduction
The Stokes problem is an important model problem in applied sciences, which can be
used to describe the motion of an incompressible fluid. In this paper, we study the stable
finite element method for the two dimensional stationary incompressible Stokes problem
of velocity-pressure type. In this context, a stable finite element method of the model
problem implies a pair of finite element spaces that are consistent approximations to the
Hilbert spaces (H1(Ω))2 and L2(Ω), respectively, and satisfy the two stability conditions
which are, with the detailed technical description given in the following section,
SC 1: the coercive condition and inf-sup condition hold uniformly;
SC 2: the divergence-free constraint is imposed in a primal formulation.
The first condition falls into the classical theory of Stokes problem, as it provides a
necessary and sufficient condition for the well-posedness of the discrete problem; see,
e.g., [7, 13, 30]. The second condition, sometimes known as mass conservation, is also
desirable in many applications. Though it is not yet fully revealed how methods that en-
force divergence-free would be superior to those that do not, satisfying the property can
decouple the pressure error from the velocity error, and can avoid possible instabilities
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that can arise from violation of mass conservation [6, 22, 40, 41]. Various approaches
have been utilised to develop methods in regard to the conditions both SC 1 and SC
2, including the discontinuous Galerkin methods [16, 19–21], the isogeometric meth-
ods [24, 25], the least square finite element methods [9, 12, 18, 33], and finite element
methods with enhanced stabilisation [8,11,15,17,45]. In this paper, we focus ourselves
on the traditional finite element methods, and will not mention other approaches too
much.
A few finite element pairs have been reported to satisfy the conditions both SC 1 and
SC 2. As a natural idea, the conforming P2k−Pk−1 pairs were constructed for k > 2. They
are proved to satisfy SC 1 and SC 2 on special types of uniform or quasi-uniform trian-
gulations (Scott-Vogelius [50, 51] for k > 4, Arnold-Qin [4] for k = 2, and Qin [48] for
k = 3). By adding extra smoothness to the finite element functions on the vertices other
than the corners of the domain, Falk-Neilan [27] designed a special family of P2k − Pk−1
pairs for k > 4 that are shown to satisfy SC 1 and SC 2 on general grids without the
so-called singular corner vertices. On general triangular grids, Crouzeix-Raviart [23]
constructed a nonconforming P21 − P0 element which satisfies both SC 1 and SC 2 in
a nonconforming way. A similar nonconforming P22 − P1 element was constructed by
Fortin-Soulie [29]. Another natural idea is, for a given velocity space, using its diver-
gence space as the pressure space, and/or reversely, for a given pressure space, looking
for a velocity space so that divergence is a surjection. This idea succeeds where nodal
basis functions can be constructed, such as the Qk+1,k × Qk,k+1 − Qk pair on rectangular
grid (see Zhang [62] for k > 2 and Huang-Zhang [35] for k = 1), and the Mardal-Tai-
Winther pair [42] on triangular grids, which uses a space of vector functions rather than
a tensor product of two scalar function spaces to approximate the velocity field. Kouhia-
Stenberg [36] also used different function spaces for different components of the veloc-
ity and constructs a stable linear element method. Xie-Xu-Xue [61] made a way to add
divergence-free basis functions onto H(div)-conforming finite element space to generate
the velocity function space, and generate and survey several stable pairs in a unified way.
Guzma´n-Neilan [31] constructed the velocity spaces by adding rational divergence-free
functions to H(div)-conforming functions, and obtained conforming stable pairs. Beside
these examples, there have been many finite element pairs that satisfy the condition SC
1, while satisfy the divergence-free condition SC 2 in a dual formulation; for these pairs,
see [10, 14, 30, 49] and the references therein.
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Principally, the condition SC 2 decouples the computations of pressure and veloc-
ity, and it would bring convenience once we can present a precise description of the
divergence-free velocity subspace. Mathematically, a divergence-free function can be
the curl of some other function [30]. This is relevant to the fundamental observation
that the incompressible velocity field admits a stream function, and this gives a natural
connection between the incompressible Stokes problem and the biharmonic equation.
This property can be described in the framework of the Stokes complex originally intro-
duced by [42,60]. There have been various complexes to describe different physical and
mathematical observations [2, 3]. A powerful tool to design, analyse, understand, and
moreover, to apply the stable finite element pair for the Stokes problem is then to repro-
duce discrete analogous of the Stokes complex where the Sobolev spaces are replaced by
corresponding finite element spaces. The existence of such a structure like the discrete
Stokes complex makes the connection between the model problems revealed at discrete
level, and wider scope of methods and applications of the model problems can be ex-
pected. This structure is an intrinsic connection between the finite element pairs, and
some of the existing pairs that satisfy both SC 1 and SC 2 have been shown to be associ-
ated with specific discrete Stokes complexes. On triangular grids, for instance, discrete
Stokes complexes have been established associated with the conforming P2k − Pk−1 ele-
ment, with( [31]) or without( [50]) extra smoothness on vertices, and the nonconforming
P21 − P0 element pair [26], respectively. Different discrete Stokes complexes were also
introduced in [42] and [31], respectively. While when quadrilateral grids are considered,
few discrete Stokes complexes are known.
As the quadrilateral grids are widely used where the problem geometry is of quadrilat-
eral nature, in this paper, we study the stable finite element method for Stokes problem
that satisfy conditions both SC 1 and SC 2 on quadrilateral grids. Specifically, as it is
seen among the existing methods that the nonconforming methodology would in general
admit higher flexibility, we develop a nonconforming finite element pair that satisfies
both SC 1 and SC 2 in a nonconforming way, and then construct a discrete Stokes com-
plex associated with this element pair. After carry out the discussion on quadrilateral
grids, we will then carry out the discussion on grids consisting of both triangular and
rectangular cells to obtain parallel analogue results.
On the quadrilateral grids, we use an average continuous piecewise incomplete qua-
dratic polynomial space for the velocity field. The velocity space is the same as the
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one used for solving the Poisson equation in Lin-Tobiska-Zhou [38] on rectangular grid,
while the nodal parameters of the velocity space had been used by Han [32] with dif-
ferent shape function space on rectangle grids. The same velocity space was also used
in Shi-Zhang [52] for rectangular grids to shape a finite element pair for the Stokes
problem, where the pressure is approximated by piecewise constant, and the condition
SC 2 holds in a dual formulation. Shi-Zhang’s element also relies on a bilinear map-
ping between the cell and a reference rectangle when forming the shape functions on
quadrilateral cells. In this present paper, applying the idea in [47], we define the finite
element functions on quadrilateral cells directly, and they are all piecewise polynomials.
We use discontinuous piecewise linear polynomial space for the pressure, and both the
conditions SC 1 and SC 2 are satisfied.
A discrete Stokes complex is then constructed based on the newly established finite
element pair as we prove that the divergence-free part of the discrete velocity space
is piecewisely the curl of a quadrilateral Morley element space. The Morley element
was originally constructed on triangular grids to solve the fourth order problem with
piecewise quadratic polynomials [44], and generalized to arbitrary dimension by Wang-
Xu [58], and to elliptic problems of arbitrary order by Wang-Xu [59]. Using the same
nodal parameters as the Morley element, Wang-Shi-Xu [57] constructs a rectangle Mor-
ley element, which is generalised by Park-Sheen [47] to general convex quadrilateral
grids. The Morley element was proved to be associated with a discrete Stokes complex
on triangles together with the nonconforming P21−P0 element [26,28]. In this present pa-
per, we show that a discrete Stokes complex connects the quadrilateral Morley element
and the newly-developed Stokes element pair on quadrilateral grids.
Because of the similarity of the nodal parameters of the finite elements established
on triangular and quadrilateral cells, which implies the same continuity of finite element
functions on triangular and quadrilateral triangulations, it is then natural to combine
these finite elements together to form discretisation schemes for the biharmonic problem
and the Stokes problem, respectively, on a mixed grid involving both triangular and
quadrilateral cells. Since the nodal interpolations are defined locally, this combination
is straightforward, and finally a same discrete Stokes complex is also established on the
mixed grid.
The rest of the paper is as follows. In Section 2, we introduce some preliminaries
including the model problems and general finite element discretisation. In Section 3,
we introduce a stable finite element pair on quadrilateral grids, and construct a discrete
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Stokes complex. In Section 4, we carry out the discussion on a mixed grid. Finally,
conclusions are given in Section 5.
2. Preliminaries
2.1. Stokes problem and the Stokes complex. Let Ω ⊂ R2 be a Lipschitz domain,
and Γ = ∂Ω be the boundary, with n the outward unit normal vector. We consider the
incompressible Stokes problem with homogeneous boundary condition:
(1)

−ν∆u + ∇p = f inΩ,
∇ · u = 0 inΩ,
u = 0 on ∂Ω.
Here ν is the kinematic viscosity, u, p, and f denote the velocity, the pressure, and the
external body force, respectively, and ∆ and ∇ are the Laplacian and gradient operators,
respectively. For simplicity, we set ν = 1 in the rest of the paper.
Denote by H1(Ω), H10(Ω), H2(Ω), and H20(Ω) the standard Sobolev spaces as usual,
and L20(Ω) := {w ∈ L2(Ω) :
∫
Ω
wdx = 0}. The variational form of (1) is to find (u, p) ∈
(H10(Ω))2 × L20(Ω), such that
(2)
{ (∇u,∇v) + (∇ · v, p) = (f, v) ∀ v ∈ (H10(Ω))2,
(∇ · u, q) = 0 ∀ q ∈ L20(Ω).
Here (∇u,∇v) =
∫
Ω
∑2
i, j=1(∇u)i j(∇u)i jdx, and (f, v) =
∫
Ω
∑2
i=1 fividx. The well-posedness
of (2) is guaranteed by the facts [30]:
(3) (∇v,∇v) > C1‖v‖21,Ω ∀ v ∈ (H10(Ω))2, and inf
0,q∈L20(Ω)
sup
0,v∈(H10 (Ω))2
(∇ · v, q)
‖v‖1,Ω‖q‖0,Ω
> C2,
with C1 and C2 two positive constants dependent on the domain only.
The biharmonic problem associated with the Stokes problem (1) is:
(4)

∆2ϕ = F ∈ H−2(Ω), inΩ,
ϕ =
∂ϕ
∂n
= 0, on ∂Ω.
The variational problem is to find ϕ ∈ H20(Ω), such that
(5) (∇2ϕ,∇2ψ) = F(ψ), ∀ψ ∈ H20(Ω).
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Here (∇2ϕ,∇2ψ) =
∫
Ω
∑2
i, j=1(∇2ϕ)i j(∇2ψ)i jdx. Denote by curl the curl operator on a
scalar function, which is the rotation of the gradient operator ∇. Define for vector func-
tions the operators div = ∇· and curl = curl·. We have the basic relation below.
Lemma 1. [30] Let Ω be simply connected.
(1) curlH20(Ω) = {v ∈ (H10(Ω))2 : divv = 0}, and div(H10(Ω))2 = L20(Ω).
(2) Let (u, p) be the solution of (2), and ϕ be the solution of (4), with F(ψ) =
(f, curlψ) for ψ ∈ H20(Ω). Then u = curlϕ.
We can rewrite Lemma 1 in the form of the Stokes complex [27, 42, 60] which reads
(6) 0 −→ H20(Ω)
curl
−−→ (H10(Ω))2
div
−→ L20(Ω) → 0.
In this sequence, the composition of two consecutive mappings is zero, and the range of
each map is the null space of the succeeding map in a simply connected domain.
2.2. Finite element method for Stoke problem. When the Sobolev spaces (H10(Ω))2
and L20(Ω) are replaced by some finite element spaces Vh0 and ˚Wh, conforming or non-
conforming, we have the finite element problem: find (uh, ph) ∈ Vh0 × ˚Wh, such that
(7)
{ (∇huh,∇vh) + (divhvh, ph) = (f, vh) ∀ vh ∈ Vh0,
(divhuh, qh) = 0 ∀ qh ∈ ˚Wh.
Here ∇h and divh are in the piecewise sense for nonconforming Vh0.
We define two stable conditions for the finite element scheme. The subscript “h” in
the norms implies the dependence of the triangulation.
SC 1: There exist two positive constants γ1 and γ2, such that
inf
vh∈Zh,vh,0
(∇hvh,∇hvh)
‖vh‖
2
1,h
:= γ1h > γ1 on Zh := {vh ∈ Vh0 : (divhvh, qh) = 0, ∀ qh ∈ ˚Wh}
and inf
0,qh∈ ˚Wh
sup
0,vh∈Vh0
(divhvh, qh)
‖vh‖1,h‖qh‖0
:= γ2h > γ2.
SC 2: Zh = {vh ∈ Vh0 : divhvh = 0}.
Evidently, a necessary condition that both of the two conditions hold is that the pres-
sure space is the divergence space of the velocity space, in a conforming or nonconform-
ing way.
We have the convergence result for the finite element problem.
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Lemma 2. [1, 14] Let the stable condition SC 1 hold. Then the discrete problem (11)
has a unique solution. Moreover, let (u, p) and (uh, ph) be the solution of (2) and (11),
respectively, then there exists a constant C depending only on γ1 and γ2, such that
‖u − uh‖1,h + ‖p − ph‖0,Ω 6 C
(
inf
vh∈Vh0
‖u − vh‖1,h + inf
qh∈ ˚Wh
‖p − qh‖0
+ sup
0,vh∈Vh
(∇hu,∇hvh) + (divhvh, p) − (f, vh)
‖v‖1,h
)
.
The last term is the consistency error, which vanishes when Vh0 ⊂ (H10(Ω))2.
3. Stable finite element pair and discrete Stokes complex on quadrilateral grids
3.1. Quadrilateral triangulation.
3.1.1. Geometry of convex quadrilateral grid. Let Q be a convex quadrilateral with ai
the vertices and ei the edges, i = 1 : 4. See Figure 1 for an illustration. Let mi be the
mid-point of ei, then the quadrilateral m1m2m3m4 is a parallelogram( [46]). The cross
point of m1m3 and m2m4, which is labelled as O, is the midpoint of both m1m3 and m2m4.
Denote r =
−−−→Om3 and s =
−−−→Om4. Then the coordinates of the vertices in the coordinate
system rOs are a1(−1−α,−1−β), a2(−1+α,−1+β), a3(−1+α,−1+β) and a4(1+α, 1+β)
for some α, β. Since Q is convex, |α| + |β| < 1( [47]). Without loss of generality, we
assume α > 0, β > 0 and r × s > 0.
Define the shape regularity indicator of the of the cell Q by RQ := max{ |r||s|r×s , |r||s| , |s||r| }.
Evidently RQ > 1, and RQ = 1 if and only if Q is a square. A given family of quadrilat-
eral triangulations {Qh} of Ω is said to be regular, if all the shape regularity indicators of
the cells of all the triangulations are uniformly bounded.
Define two linear functions ξ and η by ξ(ar + bs) = b and η(ar + bs) = a. The
two functions play the same role on quadrilateral as that of barycentric coordinate on
triangles.
3.1.2. Triangulations and grids. Let Qh be a regular triangulation of domain Ω, with
the cells being convex quadrilaterals; i.e., Ω = ∪Q∈QhQ. Let Nh denote the set of all
the vertices, Nh = N ih ∪ Nbh , with N ih and Nbh consisting of the interior vertices and the
boundary vertices, respectively. Similarly, let Eh = Eih
⋃
Ebh denote the set of all the
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Om1
m2
m3
m4
e1
e2
e3
e4
r
s
a1
a2
a3
a4
Figure 1. Illustration of a convex quadrilateral Q.
edges, with Eih and Ebh consisting of the interior edges and the boundary edges, respec-
tively. For an edge e, ne is a unit vector normal to e, and τe is a unit tangential vector of
e such that ne × τe > 0. On the edge e, we use ~·e for the jump across e.
Denote by F the number of cells of the triangulation; denote by X, XI, XB and XC
the number of vertices, internal vertices, boundary vertices, and corner vertices, respec-
tively; and denote by E, EI and EB the number of edges, internal edges, and boundary
edges, respectively. Euler’s formula states that F + X = E + 1.
3.2. An incomplete quadratic finite element on quadrilateral grid.
3.2.1. A finite element on convex quadrilaterals. The quadrilateral finite element pre-
sented below coincides with the one given by Lin-Tobiska-Zhou [38] on rectangle Q,
and we call it the quadrilateral Lin-Tobiska-Zhou(QLTZ) element.
The QLTZ element is defined by (Q, PQLTZQ ,DQLTZQ ) with
(1) Q is a convex quadrilateral;
(2) PQLTZQ = P1(Q) + span{ξ2, η2};
(3) the components of DQLTZQ = {dQLTZ0 }i=0:4 for any v ∈ H1(Q) are:
dQLTZ0 (v) =
?
Q
vdx, and dQLTZi (v) =
?
ei
v ds , ei the edges of T, i = 1 : 4.
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The element defined above is unisolvent. Indeed, define
φ0 = −3(3ξ2 + 3η2 − 2αξ − 2βη − (4 + α2 + β2))/(2α2 + 2β2 + 6),
φ1 = −
3
4
ξ2 +
β − 1
2
η +
3 + β2
4
−
β2 − β + 3
6 φ0,
φ2 = −
3
4
η2 +
α − 1
2
ξ +
3 + α2
4
−
α2 − α + 3
6 φ0,
φ3 = −
3
4
ξ2 +
β + 1
2
η +
3 + β2
4
−
β2 + β + 3
6 φ0,
φ4 = −
3
4
η2 +
α + 1
2
ξ +
3 + α2
4
−
α2 + α + 3
6 φ0,
then dQLTZi (φ j) = δi j, i, j = 0 : 4.
Define the interpolation ΠQLTZQ : H1(Q) → PQLTZQ by ΠQLTZQ w =
4∑
i=1
?
ei
w dsφi +
?
Q
wdxφ0. Then ΠQLTZQ is well-defined, and Π
QLTZ
Q w = w, if w ∈ P
QLTZ
Q .
Let w = (w1,w2)T ∈ (H1(Q))2. We define the interpolator Π
˜
QLTZ
Q : (H1(Q))2 →
(PQLTZQ )2 by two steps:
Step 1: Construct w1 = (w11,w12)⊤ by w1i =
4∑
j=1
?
E j
wi dsφ j for i = 1, 2.
Step 2: Find w2 = (c1φ0, c2φ0)⊤ such that
(8)
∫
Q
divw2qdx =
∫
Q
div(w − w1)qdx, ∀ q ∈ P1(Q).
Then define
Π
˜
QLTZ
Q w := w
1 + w2.
Lemma 3. The interpolator Π
˜
QLTZ
Q is well-defined. Moreover, Π
˜
QLTZ
Q w = w if w ∈
(PQLTZQ )2, and
∫
Q divΠ
˜
QLTZ
Q wqdx =
∫
Q divwqdx, ∀ q ∈ P1(Q).
Proof. To show the well-definedness of Π
˜
QLTZ
Q , we only have to show that the problem
(8) is well-posed. By the definition of w1, we obtain that
>
ei
w − w1 ds = 0 for i = 1 : 4.
Thus by the property of φ0,
∫
Q div(c1φ0, c2φ0)⊤dx = 0 =
∫
Q div(w − w1)dx for any c1, c2.
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Therefore, we only have to show that the equation (8) admits a unique solution pair
(c1, c2) for q substituted by ξ and η. The coefficient matrix of the left hand side of (8) is
then

∫
Q
∂xφ0ξdx
∫
Q
∂yφ0ξdx∫
Q
∂xφ0ηdx
∫
Q
∂yφ0ηdx
 =

∫
Q
∂rφ0ξdx
∫
Q
∂sφ0ξdx∫
Q
∂rφ0ηdx
∫
Q
∂sφ0ηdx

[
rx sx
ry sy
]−1
,
and we only have to check the determinant of the coefficient matrix.
Technically, we construct two tables(Tables 1 and 2) about the evaluation of some
functions firstly. In particular, Table 1 is used in generating Table 2. For example,
we calculate
∫
Q ξηdx =
∫
Q
1
2∂s(ξ2η)dx = 12
∫
∂Q(ξ2η)s · n ds = 12
∑4
i=1
∫
ei
(ξ2η)s × τi ds =
4
3αβr × s. Here, we have noted that ∂rξ = ∂sη = 0 and ∂sξ = ∂rη = 1.
function(u) 1 ξ η ξ2 η2 ξ3 η3 ξ2η?
e1
u ds 1 0 -1 (1 − β)
2
3 1 +
α2
3 0 −1 − α
2 −
(1 − β)2
3?
e2
u ds 1 -1 0 1 + β
2
3
(1 − α)2
3 −1 − β
2 0 2(1 − α)β3?
e3
u ds 1 0 1 (1 + β)
2
3 1 +
α2
3 0 1 + α
2 (1 + β)2
3?
e4
u ds 1 1 0 1 + β
2
3
(1 + α)2
3 1 + β
2 0 2(1 + α)β3
Table 1. Boundary average of some functions.
function (u) 1 ξ η ξ2 η2 ξη∫
Q udx 4r × s
4α
3 r × s
4β
3 r × s
4
3 (1 + β2)r × s 43(1 + α2)r × s 43αβr × s
Table 2. Domain average of some functions
As φ0 = −3(3ξ2 + 3η2 − 2αξ − 2βη − (4 + α2 + β2))/(2α2 + 2β2 + 6), we have
∂rφ0 =
−9η + 3β
α2 + β2 + 3
, and ∂sφ0 =
−9ξ + 3α
α2 + β2 + 3
.
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Then ∫
Q
∂rφ0ξ =
−1
α2 + β2 + 3
∫
Q
(9ξη − 3βξ)dx = −8αβ
α2 + β2 + 3r × s,∫
Q
∂sφ0ξdx =
−1
α2 + β2 + 3
∫
Q
(9ξ2 − 3αξ)dx = 4α
2 − 12β2 − 12
α2 + β2 + 3 r × s,∫
Q
∂rφ0ηdx =
−1
α2 + β2 + 3
∫
Q
(9η2 − 3βη)dx = −12α
2 + 4β2 − 12
α2 + β2 + 3 r × s,∫
Q
∂sφ0ηdx =
−1
α2 + β2 + 3
∫
Q
(9ξη − 3αη)dx = −8αβ
α2 + β2 + 3r × s,
and
det

∫
Q
∂rφ0ξdx
∫
Q
∂sφ0ξdx∫
Q
∂rφ0ηdx
∫
Q
∂sφ0ηdx
 =
−48α4 − 48β4 + 96α2β2 + 96α2 + 96β2 + 144
(α2 + β2 + 3)2 (r×s)
2.
Therefore, since 0 < α, β < 1,
det

∫
Q
∂xφ0ξdx
∫
Q
∂yφ0ξdx∫
Q
∂xφ0ηdx
∫
Q
∂yφ0ηdx
 = det

∫
Q
∂rφ0ξdx
∫
Q
∂sφ0ξdx∫
Q
∂rφ0ηdx
∫
Q
∂sφ0ηdx
 det
[
rx sx
ry sy
]−1
=
−48α4 − 48β4 + 96α2β2 + 96α2 + 96β2 + 144
(α2 + β2 + 3)2 r × s > 0.
This proves the well-posedness of (8), and thus the well-definition of Π
˜
QLTZ
Q .
The remaining follows from the definition of the interpolation. This finishes the proof.

3.2.2. A finite element space for H1(Ω). Associated with H1(Ω), define a finite element
space VQLTZh by
VQLTZh := {w ∈ L
2(Ω) : w|Q ∈ PQLTZQ ,
?
e
w ds is continuous at e ∈ Eih},
and associated with H10(Ω), define a finite element space Vh0 by
VQLTZh0 := {wh ∈ V
QLTZ
h :
?
e
wh ds = 0 at e ∈ Ebh}.
12 SHUO ZHANG
We define the interpolation operator ΠQLTZh : H1(Ω) → VQLTZh by
Π
QLTZ
h w ∈ V
QLTZ
h , (ΠQLTZh w)|Q = ΠQLTZQ (w|Q), for w ∈ H1(Ω).
The well-definedness of ΠQLTZh is evident. Moreover, Π
QLTZ
h w ∈ V
QLTZ
h0 , if w ∈ H10(Ω).
Associated with (H1(Ω))2 (and (H10(Ω))2), we define the finite element space VQLTZh :=
(VQLTZh )2 (and VQLTZh0 := (VQLTZh0 )2, respectively). Define the interpolation operatorΠ
˜
QLTZ
h :
(H1(Ω))2 → VQLTZh by
Π
˜
QLTZ
h w ∈ V
QLTZ
h , (Π
˜
QLTZ
h w)|Q = Π
˜
QLTZ
Q (w|Q), for w ∈ (H1(Ω))2.
Again, Π
˜
QLTZ
h is well-defined, and Π
˜
QLTZ
h w ∈ V
QLTZ
h0 , if w ∈ (H10(Ω))2.
Evidently, ΠQLTZh wh = wh for wh ∈ V
QLTZ
h and Π
˜
QLTZ
h wh = wh for wh ∈ V
QLTZ
h . Thus,
since P1(Q) ⊂ PQLTZQ , by standard technique [38, 47, 54, 57], we have the lemma below.
Lemma 4. Let {Qh} be a regular family of convex quadrilateral triangulations of Ω.
(1) There exists a constant C, such that it holds for w ∈ Hs(Ω), s = 1, 2, that
|w − Π
QLTZ
h w|m,h 6 Ch
s−m|w|s,Ω, 0 6 m 6 s.
(2) There exists a constant C, such that it holds for w ∈ (Hs(Ω))2, s = 1, 2, that
|w − Π
˜
QLTZ
h w|m,h 6 Ch
s−m|w|s,Ω, 0 6 m 6 s.
3.2.3. Application to second order elliptic problem. We consider the variational prob-
lem: find u ∈ H10(Ω), such that
(9) (∇u,∇v) = ( f , v), ∀ v ∈ H10(Ω).
Then VQLTZh is a consistent finite element space. The finite element problem is to find
uh ∈ VQLTZh0 , such that
(10) (∇huh,∇hvh) = ( f , vh), ∀ vh ∈ VQLTZh0 .
Since the edge average of wh ∈ VQLTZh0 is continuous across internal edges, by the standard
technique, we have the error estimate below.
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Theorem 5. Let the assumptions of Lemma 4 hold. Let u and uh be the solutions of (9)
and (10), respectively.
(1) If u ∈ H2(Ω) ∩ H10(Ω), then ‖u − uh‖1,h . h|u|2,Ω.
(2) If Ω is convex and f ∈ L2(Ω), then ‖u − uh‖0,Ω . h2‖ f ‖0,Ω.
From this point onwards, ., &, and =∼ respectively denote 6, >, and = up to a con-
stant. The hidden constants depend on the domain. And, when triangulation is involved,
they also depend on the shape-regularity of the triangulation, but they do not depend on
h or any other mesh parameter.
3.3. A stable finite element pair for Stokes problem. For Stokes problem, VQLTZh pro-
vides a consistent finite element space for the velocity field; we a in lack of a space ˚WQh
for the pressure. To satisfy SC 1 and SC 2 at the same time, we need divhVQLTZh0 = ˚W
Q
h .
Here we use the space of piecewise linear polynomials for the pressure field. Define
WQh := {qh ∈ L
2(Ω) : qh|Q ∈ P1(Q), ∀Q ∈ Qh} and ˚WQh = WQh ∩ L20(Ω). The finite
element problem is to find (uh, ph) ∈ VQLTZh0 × ˚WQh , such that
(11)
{ (∇huh,∇hvh) + (divhvh, ph) = (f, vh) ∀ vh ∈ VQLTZh0 ;
(divhuh, qh) = 0 ∀ qh ∈ ˚WQh .
Lemma 6. The inf-sup condition holds for VQLTZh0 × ˚WQh that
(12) inf
qh∈ ˚WQh
sup
vh∈VQLTZh0
(divhvh, qh)
‖vh‖1,h‖qh‖0,Ω
> C(independent of h).
Proof. Given qh ∈ ˚WQh ⊂ L20(Ω), there exists w ∈ (H10(Ω))2, such that qh = divw, and
‖w‖1,Ω 6 C1‖divw‖0,Ω [30]. Here C1 is a generic constant depending on the domain
only. Define wh := Π
˜
QLTZ
h w, and then
∫
Q divwhqdx =
∫
Q divwqdx for q ∈ P1(Q). Since
div(wh|T ) ∈ P1(Q) and (divw)|Q = qh|Q ∈ P1(Q), this implies div(wh|Q) = (divw)|Q and
further divhwh = divw. Therefore,
sup
vh∈VQLTZh0
(divhvh, qh)
‖vh‖1,h‖qh‖0,Ω
>
(divhwh, qh)
‖wh‖1,h‖qh‖0,Ω
> C′ (divw, qh)
‖w‖1,Ω‖qh‖0,Ω
> C.
The last second inequality follows from Lemma 4. This finishes the proof. 
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Remark 7. By the proof of Lemma 6, divhVQLTZh0 = ˚WQh . Simultaneously, curlhVQLTZh0 =
˚WQh .
Again, since the edge averages of wh ∈ VQLTZh0 are continuous across internal edges,
by the standard technique, the theorem below follows from Lemmas 2 and 6.
Theorem 8. Let (u, p) and (uh, ph) be the solutions of (2) and (11), respectively. Then
divhuh = 0. Moreover,
(1) If u ∈ (H2(Ω) ∩ H10(Ω))2 and p ∈ H1(Ω) ∩ L20(Ω), then
‖u − uh‖1,h + ‖p − ph‖0,Ω . h(|u|2,Ω + |p|1,Ω);
(2) If Ω is convex, then ‖u − uh‖0,Ω . h2‖f‖0,Ω.
3.4. Discrete Stokes complex.
3.4.1. A Morley element on convex quadrilateral grid. This quadrilateral Morley ele-
ment is given by Park-Sheen [47].
The quadrilateral Morley element is defined by (Q, PMQ ,DMQ ) with
(1) Q is a convex quadrilateral;
(2) PMQ = P2(Q) + span{ξ3, η3};
(3) the components of DMQ = {dMi , dMi+4}i=1:4 for any v ∈ H2(Q) are:
dMi (v) = v(ai), ai the vertices of T ; dMi+4(v) =
?
ei
∂nei v ds , ei the edges of T.
Given a regular convex quadrilateral triangulation of Ω, define the Morley element
space MQh as
MQh := {wh ∈ L
2(Ω) : wh|Q ∈ PMQ , wh(a) is continuous at a ∈ Nh,?
e
∂newh ds is continuous across e ∈ Eih}.
And, associated with H20(Ω), define
MQh0 := {wh ∈ Mh : wh(a) vanishes at a ∈ Nbh ,
?
e
∂newh ds vanishes at e ∈ Ebh}.
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The Morley element provides consistent approximation of fourth-order problems on
quadrilateral grids. Let us consider the model problem: find u ∈ H20(Ω), such that
(13) (∇2u,∇2v) = ( f , v) ∀ v ∈ H20(Ω).
The finite element problem is to find uh ∈ MQh0, such that
(14) (∇2huh,∇2hvh) = ( f , vh) ∀ vh ∈ MQh0.
Lemma 9. [47] Let u and uh be the solution of (13) and (14), respectively.
(1) Assume u ∈ H3(Ω) ∩ H20(Ω), then |u − uh|2,h . h(|u|3,Ω + ‖ f ‖0,Ω).
(2) If further Ω is a convex polygon, then |u − uh|1,h . h2(|u|3,Ω + ‖ f ‖0,Ω).
3.4.2. A discrete Stokes complex. The lemma below plays a fundamental role in the
construction of the discrete Stokes complex.
Lemma 10. curlhMQh0 = V˜
QLTZ
h0 := {wh ∈ V
QLTZ
h0 : divhwh = 0}.
Proof. It is obvious that curlhMQh0 ⊂ V˜QLTZh0 . To prove the other direction, we only have
to show that the dimension of the two spaces are the same. By Remark 7,
dim(V˜QLTZh0 ) = dim(VQLTZh0 ) − dim(divhVQLTZh0 ) = dim(VQLTZh0 ) − dim( ˚WQh )
= 2(F + EI) − (3F − 1) = EI + XI = dim(MQh0) = dim(curlhMQh0).
This finishes the proof. 
Define ΠQMh : H2(Ω) → MQh by ΠQMh ϕ ∈ MQh such that
ΠQMh ϕ(a) = ϕ(a), ∀ a ∈ Nh, and
?
e
∂neΠ
QM
h ϕ ds =
?
e
∂neϕ ds , ∀ e ∈ Eh, ϕ ∈ H2(Ω).
Define Π0h the L2-projection to WQh . Summing all discussions above, we obtain a main
result of the paper as below.
Theorem 11. The discrete Stokes complex holds as below:
(15) 0 −→ MQh0
curlh
−−−→ VQLTZh0
divh
−−→ ˚WQh −→ 0.
Moreover,
(16) curlhΠQMh = Π
˜
QLTZ
h curl on H
2
0(Ω), and divhΠ
˜
QLTZ
h = Π
0
hdiv on (H10(Ω))2.
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Proof. The discrete Stokes complex follows from Lemma 10 and Remark 7. We only
have to prove the commutativity (16).
Given ϕ ∈ H20(Ω), by the definition of ΠQMh , we have for e ∈ Eh that
?
e
curlhΠQMh ϕ ds =
?
e
curlhΠQMh ϕ · ne ds ne +
?
e
curlhΠQMh ϕ · τe ds τe
=
?
e
∂τeΠ
QM
h ϕ ds ne +
?
e
∂neΠ
QM
h ϕ ds τe = (ΠQMh ϕ(eL) − ΠMh ϕ(eR))ne +
?
e
∂neΠ
QM
h ϕ ds τe
= (ϕ(eL) − ϕ(eR))ne +
?
e
∂neϕ ds τe =
?
e
∂τeϕ ds ne +
?
e
∂neϕ ds τe =
?
e
curl ϕ ds .
Note that divhcurlhΠQMh ϕ = 0 = divΠ
˜
QLTZ
h curl ϕ. Therefore, curlhΠ
QM
h ϕ = Π
˜
QLTZ
h curl ϕ.
Similarly we can prove for v ∈ (H10(Ω))2 that divhΠ
˜
QLTZ
h v = Π
0
hdivv. This finishes the
proof. 
Theorem 11 can also be written as this exact sequence and commutative diagram:
(17)
0 −→ H20(Ω)
curl
−−→ (H10(Ω))2
div
−→ L20(Ω) → 0
↓ ΠQMh ↓ Π
QLTZ
h ↓ Π
0
h
0 → MQh0
curlh
−−−→ VQLTZh0
divh
−−→ ˚WQh → 0.
4. Finite elements and discrete Stokes complex on a mixed grid
In this section, we generalise the results in Section 3 from quadrilateral grids to the
mixed grid that consists of both triangular and quadrilateral cells. The technical issues
are the same as that in Section 3, and we list the main results and omit the details.
4.1. Mixed triangulation with triangular and quadrilateral cells. Let Th be a shape-
regular triangulation of domain Ω, with the cells being triangles or convex quadrilater-
als. Again, let Nh denote the set of all the vertices, Nh = N ih ∪ Nbh , with N ih and Nbh
consisting of the interior vertices and the boundary vertices, respectively. Similarly, let
Eh = E
i
h
⋃
Ebh denote the set of all the edges, with Eih and Ebh consisting of the interior
edges and the boundary edges, respectively. For an edge e, ne is a unit vector normal to
e, and τe is a unit tangential vector of e such that ne × τe > 0. On the edge e, we use ~·e
for the jump across e.
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Again, denote by F the number of cells of the triangulation, denote by X, XI , XB
and XC the number of vertices, internal vertices, boundary vertices, and corner vertices,
respectively, and denote by E, EI and EB the number of edges, internal edges, and bound-
ary edges, respectively. Euler’s formula states that F + X = E + 1. In the remaining of
this section, we use Q to denote a quadrilateral cell, and T for a triangular cell. This
will not bring ambiguity according to the context. Denote by #Q and #T the number of
quadrilateral and triangular cells, respectively.
4.2. Finite element spaces on a mixed grid. Associated with the triangulation, we
define several finite element spaces for the stream function, the velocity and the pressure,
respectively. Associated with the stream function, define
Mmixh := {wh ∈ L
2(Ω) : wh|Q ∈ PMQ , wh|T ∈ P2(T ),
wh(a) is continuous at a ∈ Nh,
?
e
∂newh ds is continuous on e ∈ Eih}.
And, associated with H20(Ω), define
Mmixh0 := {wh ∈ Mh : wh(a) = 0 at a ∈ Nbh ,
?
e
∂newh ds = 0 at e ∈ Ebh}.
Define the interpolation ΠM,mixh : H2(Ω) → Mmixh by ΠM,mixh ϕ ∈ Mmixh , by
Π
M,mix
h ϕ(a) = ϕ(a), ∀ a ∈ Nh, and
?
e
∂neΠ
M,mix
h ϕ ds =
?
e
∂neϕ ds , ∀ e ∈ Eh,
for ϕ ∈ H2(Ω). Then ΠM,mixh is well-defined, and ΠM,mixh H20(Ω) = Mmixh0 .
Define associated with H1(Ω)
Vmixh := {w ∈ L
2(Ω) : w|Q ∈ PQ, w|T ∈ P1(T ),
?
e
w ds is continuous on e ∈ Eih},
and associated with H10(Ω),
Vmixh0 := {wh ∈ Vh :
?
e
wh ds = 0, for e ∈ Ebh}.
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Define Vmixh = (Vmixh )2 and Vmixh0 = (Vmixh0 )2. Define Π
˜
V,mix
h : (H1(Ω))2 → Vmixh by Π
˜
V,mix
h w ∈
Vmixh such that?
e
Π
˜
V,mix
h w ds =
?
e
w ds , ∀ e ∈ Eh, and (Π
˜
V,mix
h w)|Q = Π
˜
QLTZ
Q w
for w ∈ (H1(Ω))2. Then Π
˜
V,mix
h is well-defined, and Π
˜
mix
h (H10(Ω))2 = Vmixh0 .
Define associated with L2(Ω)
Wmixh := {qh ∈ L
2(Ω) : qh|Q ∈ P1(Q), qh|T ∈ P0(T )},
and associated with L20(Ω), ˚Wmixh := Wmixh ∩ L20(Ω). Define Π0,mixh the L2-projection to
Wmixh . Then Π
0,mix
h L
2
0(Ω) = ˚Wmixh .
Note that the finite element functions in the spaces (Mmixh ,Vmixh × Wmixh ) coincide with
the original Morley element functions and the nonconforming P21 − P0 element func-
tions if restricted on triangular cells, and with quadrilateral Morley element functions
and the newly-developed Stokes element functions if restricted on quadrilateral cells.
The operators ΠM,mixh , Π
˜
V,mix
h and Π
0,mix
h are all defined cell by cell. Roughly speaking,
they are “sum direct” of the interpolations with respect to the finite elements defined on
individual cells.
4.3. Finite element schemes for boundary value problems. Since the nodal interpo-
lation operators are locally defined, and sufficient weak continuity conditions have been
imposed across the interface, these finite elements defined previously provide conver-
gent finite element schemes for the specific boundary value problems.
Fourth order problem. We consider the finite element problem: find uh ∈ Mmixh0 , such
that
(18) (∇2huh,∇2hvh) = ( f , vh) ∀ vh ∈ Mmixh0 .
Since the average of the gradient of the Mmixh0 functions at the internal edges are continu-
ous, by standard technique [47, 53, 57], we have the convergence result below.
Lemma 12. Let u and uh be the solution of (13) and (18), respectively.
(1) Assume u ∈ H3(Ω) ∩ H20(Ω), then |u − uh|2,h . h(|u|3,Ω + ‖ f ‖0,Ω).
(2) If further Ω is a convex polygon, then |u − uh|1,h . h2(|u|3,Ω + ‖ f ‖0,Ω).
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Stokes problem. Now we consider the finite element problem: find (uh, ph) ∈ Vmixh0 ×
˚Wmixh , such that
(19)
{ (∇huh,∇vh) + (divhvh, ph) = (f, vh) ∀ vh ∈ Vmixh0 ;
(divhuh, qh) = 0 ∀ qh ∈ ˚Wmixh .
By the same technique as the proof of Lemma 6, we obtain the lemma below.
Lemma 13. The inf-sup condition holds for Vmixh0 × ˚Wmixh that
(20) inf
qh∈ ˚Wmixh
sup
vh∈Vmixh0
(divhvh, qh)
‖vh‖1,h‖qh‖0,Ω
> C(independent of h).
Moreover, divhVmixh0 = ˚Wmixh , and curlhVmixh0 = ˚Wmixh .
Again, since the edge average of wh ∈ Vmixh0 is continuous across internal edges, by the
standard technique, we obtain the estimate below.
Lemma 14. Let (u, p) and (uh, ph) be the solutions of (2) and (19), respectively. Then
divhuh = 0. Moreover,
(1) If u ∈ (H2(Ω) ∩ H10(Ω))2 and p ∈ H1(Ω) ∩ L20(Ω), then
‖u − uh‖1,h + ‖p − ph‖0,Ω . h(|u|2,Ω + |p|1,Ω);
(2) If Ω is convex, then ‖u − uh‖0,Ω . h2‖f‖0,Ω.
4.4. Discrete Stokes complex on a mixed grid. Direct calculation leads to that
dim(Vmixh0 ) − dim( ˚Wh0) = 2(EI + #Q) − (3#Q + #T − 1) = EI + XI = dim(Mmixh0 ).
Therefore, we can apply the technique of the proof of Lemma 10 and of the proof of
Theorem 11 to obtain the theorem below.
Theorem 15. The discrete Stokes complex holds as below:
0 −→ Mmixh0
curlh
−−−→ Vmixh0
divh
−−→ ˚Wmixh −→ 0.
Moreover,
curlhΠM,mixh = Π
˜
V,mix
h curl on H
2
0(Ω), and divhΠ
˜
V,mix
h = Π
0,mix
h div on (H10(Ω))2.
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Again, the theorem can be written as the exact sequence and the commutative diagram
below:
(21)
0 −→ H20(Ω)
curl
−−→ (H10(Ω))2
div
−→ L20(Ω) −→ 0
↓ Π
M,mix
h ↓ Π
˜
V,mix
h ↓ Π
0,mix
h
0 −→ Mmixh0
curlh
−−−→ Vmixh0
divh
−−→ ˚Wmixh −→ 0.
5. Concluding remarks
In this paper, we construct stable finite element pairs that satisfy the stability condi-
tions both SC 1 and SC 2 on grids that admit triangular and general convex quadrilat-
eral cells, namely, the pair satisfies the inf-sup stability condition, and the restriction of
the solution to an element is exactly divergence-free and the scheme can be seen as a
mass conservative one. Different from most existing finite element pairs on quadrilat-
eral grids in the literature, the construction of the newly-developed quadrilateral finite
element spaces does not rely on a rectangle reference cell, and the finite element spaces
thus consist of piecewise polynomials only. Discrete Stokes complexes are constructed
associatedly.
As the constraint of divergence-free is imposed piecewisely, this finite element would
have potential applications for the parametric related problems [42, 61]. The exact se-
quence property provides a precise description of the kernel space involved in the Stokes
problem, and will also help to design preconditioners and solvers for the resulting linear
systems [28, 34, 43, 61]. These will be discussed in future works.
As the finite elements constructed in this present paper fall into the category of the
nonconforming type, an issue is that the uniform Korn’s inequality would fail [37]. This
issue will be discussed in future works. We also remark here that the piecewise mass
conservation property of the finite element pair makes it potentially one fit for the elas-
ticity problem, and we refer to [1] for a relevant discussion.
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